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Rains and Sloane established that the minimum of a unimodular Z-lattice in
dimension 24m is bounded above by 2m+2. They conjectured that only even lattices
could attain this bound. In this paper, I prove their conjecture. © 2001 Elsevier Science
1. DEFINITIONS
Throughout, L will be a unimodular Z-lattice in Rn. We will write n in
two standard ways, following [RS1]. Write n=24m−l=8t+o, with
0 [ o [ 7 and 1 [ l [ 24.
In most cases that we consider here, 24 will divide the dimension n.
Therefore, we will normally have l=24, m=n/24+1, t=n/8, and o=0.
The minimum m(L) of a lattice L is the minimal norm of all the vectors in
the lattice.
m(L)= min
0 ] v ¥ L
{q(v)}
A characteristic vector of a lattice L is a vector w such that for every
v ¥ L, we have B(v, w) — q(v) (mod 2). Characteristic vectors exist in every
unimodular lattice L, and constitute a coset of 2L in L.
The shadow of an odd lattice L consists of all the vectors which are one
half of a characteristic vector. Since 0 is only a characteristic vector of L if
L is an even lattice, we know that L and its shadow are disjoint if L is odd.
In [RS1], the shadow is known as the”-shadow.
2. A SUMMARY OF A THEOREM OF RAINS AND SLOANE
I start with a brief summary of the proof of a theorem by Rains and
Sloane. For more details, see [RS1]; in particular, pages 381–383.
Theorem 2.1 (Rains and Sloane). Suppose that L is a unimodular lattice
of minimal norm m in dimension n ] 23. Then m [ 2[ n24]+2.
To prove this result, Rains and Sloane write n=24m−l=8t+o, with
0 [ o [ 7 and 1 [ l [ 24. Then they write the theta series of L as
hL=g
n
1 C
t
i=0
ci g
i
2=C
.
j=0
ajq j=1+C
.
j=m
ajq j. (1)
The theta series of the shadow of L is given by
hS=s
n
1 C
t
i=0
cis
i
2=q
o/4 C
.
j=0
bjq2j. (2)
Rains and Sloane use the Bürmann–Lagrange theorem to discover that,
whenever 0 [ i [ m−1,
ci=−
n
i
coefficient of q i in qg −1g
−n−1
1
1 q
g2
2 i (3)
and that
ci=C
t− i
j=0
bi, j bj, (4)
where
bi, j=− coefficient of q2t−2i−2j in 2
qs −2
s2
q2t−2i+o/4s−i2 s
−n
1 . (5)
If m \ 2m+1, then Eq. (3) gives c2m < 0 unless l=m=1.
Using Eq. (5), Rains and Sloane discover that c2m \ 0.
This is a contradiction unless l=m=1, in which case n=23.
3. PROOF OF THE MAIN THEOREM
First, we obtain some explicit formulas for the terms in equations (3)
and (5).
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Write f=qs −2/s2. Then
b2m−k, j= coefficient of q2t−2(2m−k)−2j in
(−1)k+1 2−12k+l+1f D
r \ 1
(1−q2r)−24m+l D
r \ 1
(1+q2r)2l−24k.
If 24 divides n, we obtain
b2m−1, j= coefft. of q2t−4m+2−2j in 213f D
r \ 1
(1−q2r)−24(m−1) D
r \ 1
(1+q2r)24 (6)
and
b2m−2, j=− coefft. of q2t−4m+4−2j in 2f D
r \ 1
(1−q2r)−24(m−1). (7)
Since the coefficients of f are all nonpositive, it follows that whenever
j [ t−2m+1, all the b2m−1, j are negative, and whenever j [ t−2m+2, all
the b2m−2, j are positive.
We can also calculate c2m−k. If k > 0, and 24 divides n, we obtain
c2m−k=−
n
2m−k
coefficient of q2m−k−1
in g −1g
23
1 D
r odd
(1+qr)−24k D
r \ 1
(1−q2r)−24m.
(8)
We will often consider the coefficients of power series in this paper, and
so the following lemma will be useful.
Lemma 3.1. Suppose that ai > 0 and bi \ 0 for all i \ 0. Suppose further
than ar+1/ar is a decreasing sequence in r.
Then
coefficient of q r+1 in (; aiq i; bjq j)
coefficient of q r in (; aiq i; bjq j)
\
ar+1
ar
.
Proof. The proof is elementary and is obtained by comparing the
expansions of each coefficient. L
To start with, we compare the values of c2m−1 and c2m−2. We will use the
following definitions as shorthand.
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Definition 3.2. Define
Rm=
coefficient of qm−2 in<r \ 1(1−q r)−24m
coefficient of qm−3 in<r \ 1(1−q r)−24m
.
Definition 3.3. Write
tm, k= coefficient of qk in D
r \ 1
(1−q r)−24m.
Remark 3.4. We may apply Lemma 3.1 to the series; aiq i=(1−q2)−24m
and ; bjq j=< r \ 2(1−q2r)−24m. Whenever k [ m−1, we obtain
tm, 2k
tm, 2k−2
\ 25.
Theorem 3.5. Let L be a lattice in Rn, and suppose that n=24m−24 for
some m \ 3. Then
: c2m−1
c2m−2
: \ 2m−2
2m−1
466Rm+4420
4Rm −54
.
Proof. From Eq. (8), we know that
c2m−1=−
n
2m−1
coefficient of q2m−2 in g −1g
23
1 D
r odd
(1+qr)−24 D
r \ 1
(1−q2r)−24m.
By expanding g −1g
23
1 < r odd (1+qr)−24, we find that the coefficient of q2m−2
in this series is 2tm, 2m−2+416tm, 2m−4+5608tm, 2m−6 −28160tm, 2m−8 −
33620tm, 2m−10+·· · .
Remark 3.4 implies that the initial terms dominate. By bounding the
coefficients of g −1g
23
1 < r odd (1+qr)−24, and using a computer to determine
the first few coefficients, we have
c2m−1 \
n
2m−1
(466Rm+4420) tm, 2m−6 . (9)
Now c2m−2 is negative, but we can use the same methods to obtain
|c2m−2 | [
n
2m−2
(4Rm −54) tm, 2m−6 . (10)
Combining inequalities (9) and (10) proves the theorem. L
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Remark 3.6. A consequence of the above proof is that if n — 0
(mod 24), neither c2m−1 nor c2m−2 is zero.
We will obtain our eventual contradiction by comparing ratios.
Theorem 3.7. Suppose that 24 divides n, and that L is a unimodular
lattice in Rn. Suppose further that m(L)=2[ n24]+2=2m. If
: c2m−1
c2m−2
: > : b2m−1, j
b2m−2, j
:
for all j \ J then bj ] 0 for at least one j < J.
Proof. Suppose that
: c2m−1
c2m−2
: > : b2m−1, j
b2m−2, j
: , (11)
but that bj=0 for all j < J. We will seek a contradiction. Using Eq. (4), the
fact that bj is never negative, and the fact that that b2m−1, j is always
negative, we obtain:
|c2m−1 |= C
t−2m+1
j=0
|b2m−1, j | bj .
Since bj=0 for all j < J, this immediately gives
|c2m−1 |= C
t−2m+1
j=J
|b2m−1, j | bj .
By Remark 3.6, we know that c2m−1 ] 0. Therefore, not all of the bj are
zero. Hence
|c2m−1 | < 1 Ct−2m+1
j=J
|b2m−2, j | bj 2 : c2m−1c2m−2 :
[ 1 Ct−2m+2
j=J
|b2m−2, j | bj 2 : c2m−1c2m−2 :
=|c2m−2 | : c2m−1c2m−2 :
=|c2m−1 |.
This contradiction results from our assumption that bj=0 for all j < J. L
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In order to find a lower bound for |c2m−1/c2m−2 |, we will need an upper
bound for Rm.
Theorem 3.8. If m \ 17 then Rm [ 30.
Proof. We can compute Rm explicitly for m < 500. In each case, the
theorem is true.
To prove that Rm [ 30 whenever m \ 500, we use Cauchy’s formula. The
method here is similar to that in [MOS1].
First, we define
H(q) :=e−2piz D
r \ 1
(1−e2pizr)−24.
Now, using Cauchy’s formula, we have
coefficient of qm−2 in D
r \ 1
(1−q r)−24m=F
C
e4pizH(q)m. (12)
Here, C is the curve running x+iy0 for −
1
2 < x <
1
2 and y0 the root of the
equation ““y H(e
2pi(x+iy))=0. Thus y0=0.52352... .
Now write
H(e2pi(x+iy0))=e C akx
k
.
Then the integral becomes
F
1
2
−12
e4pi(x+iy0)e C makx
k
dx.
To estimate this integral, we use the methods of [Br1, Sect. 4.4]. We need a
bound on Rm for all m \ 500, and so we need to investigate how strong the
asymptotic bounds given in [Br1] are.
Write
F(x) :=e4pixe C k \ 2makx
k
.
Since a1=0, we have
F
1
2
−12
e4pi(x+iy0)e C makx
k
dx=ema0 −4py0 F
1
2
−12
F(x) dx
=ema0 −4py0 F
1
2
−12
R(F(x)) dx.
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If k is even then ak is real. If k is odd then ak is purely imaginary. Examin-
ing the ak terms for odd values of k, we discover that whenever |x| <
0.1m−1/3, we have |arg F(x)| [ 0.15. Similarly, whenever |x| < 0.2m−1/3, we
have |arg F(x)| [ 0.45. Using trigonometry, we discover that
F 0.2m
−1/3
0.1m −1/3
R(F(x)) dx \ 0.9 F 0.2m
−1/3
0.1m −1/3
|F(x)| dx
and
F 0.1m
−1/3
0
R(F(x)) dx \ 0.98 F 0.1m
−1/3
0
|F(x)| dx.
For shorthand, we will write y=m−1/3.
One can write |F(x)| as P(x, mx3) ema2x
2
. Here, P is a power series in x
and mx3. All of the coefficients of P are real. Most of the terms of
P(x, mx3) have little effect on the integral, and accordingly, we use
P2 :=1+ma4x4 the leading terms of P.
We know that
F.
−.
ema2x
2
dx=1 −p
ma2
21/2=0.3784...
`m
.
We will show that
: F 12
−12
R(F(x)) dx−F.
−.
ema2x
2
dx :
is comparatively small. We make the following observations about the ak:
If |x| [ y then R(;k \ 2 makxk) [ −20mx2.
If y [ |x| [ 12 then R(;k \ 2 makxk) [ −20m1/3.
Now using symmetry, we have
: F 12
−12
R(F(x)) dx−F.
−.
ema2x
2
dx : [ : 2 F 0.2y
0
R(F(x))−P2ema2x
2
dx :
+F.
−.
a4ema2x
2
dx+2 F 1/2
0.2y
|R(F(x))| dx+2 F
1
2
0.2y
ema2x
2
dx. (13)
Now we investigate each of the terms in Eq. (13) in turn.
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: F 0.2y
0
R(F(x))−P2ema2x
2 :
[ F 0.2y
0
|P2ema2x
2
−|F(x)| | dx+F 0.2y
0
| |F(x)|−R(F(x))| dx
[ F 0.2y
0
0.002ema2x
2
dx+0.02 F 0.1y
0
|F(x)| dx+0.1 F 0.2y
0.1y
|F(x)| dx
[ F 0.2y
0
0.005ema2x
2
dx+0.01 F.
−.
e−21mx
2
dx+0.1 F 0.2y
0.1y
e−20mx
2
dx
[ F 0.2y
0
0.005ema2x
2
dx+0.01 1 −p
21m
2+0.1 F 0.2y
0.1y
e−20mx
2
dx. (14)
To investigate the last term, we make the change of variables u=`m x.
We obtain
F 0.2y
0.1y
e−20mx
2
dx=
1
`m
F 0.2m
1/6
0.1m1/6
e−20u
2
du.
Using the fundamental theorem of calculus, we find that
F 0.2m
1/6
0.1m1/6
e−20u
2
du
decreases as m increases when m \ 500. Therefore, whenever m \ 500,
F 0.2y
0.1y
e−20mx
2
dx [
0.015
`m
. (15)
We know that
F.
−.
a4mx4ema2x
2
=a4m−5/2(−a2)−3/2 C 152 2 [ 0.1m3/2 . (16)
Also,
F
1
2
0.2y
|R(F(x))| dx=F y
0.2y
|R(F(x))| dx+F
1
2
y
|R(F(x))| dx
[ F y
0.2y
e−20mx
2
+e−20m
1/3
. (17)
Finally, observe that since a2=21.9...,
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F.
0.2y
ema2x
2
dx [ F y
0.2y
e−20mx
2
+
1
21
e−21m
1/3
. (18)
We use the fundamental theorem of calculus to show that
F y
0.2y
e−20mx
2
dx [
0.0001
`m
. (19)
Combining the information in Eqs. (13) through (19), we discover that
|>1/2−1/2 R(F(x)) dx− >.−. ema2x
2
dx|
>.−. ema2x
2
dx
[ 0.041.
We now carry out an analogous analysis of the integral
F
1
2
−12
e6pi(x+iy0)e C (m−1) akx
k
dx.
We discover that Rm [ 1.0410.95 e
2py0 [ 30. L
Remark 3.9. Interesting questions remain about the sequence Rm. For
example, is it monotonic?
Corollary 3.10. If m \ 17 then |c2m−1/c2m−2 | \ 270.
Proof. This is a consequence of Theorems 3.5 and 3.8. L
Next, we investigate the ratio |b2m−1, j/b2m−2, j |.
Theorem 3.11. Suppose that L is a unimodular lattice in Rn, that
n=24m−24, and that j \ m4 . Then |b2m−1, j/b2m−2, j | [ 267.
Proof. We use Eqs. (6) and (7) to determine the required ratio. We
obtain
: b2m−1, j
b2m−2, j
:=4196 coefft. of q2t−4m−2j+2 in f<(1−q2r)−24(m−1)<(1+q2r)24
coefft. of q2t−4m−2j+4 in f<(1−q2r)−24(m−1) .
Now suppose that 2k [ 2t−4m+2−2j. Since j \ m4 , we know that the
ratio
coefft. of q2k+2 in (1−q2)−24(m−1)
coefft. of q2k in (1−q2)−24(m−1)
=
24(m−1)+k
k+1
\ 33.
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Now apply Lemma 3.1 to discover that
coefft. of q2k+2 in f<(1−q2r)−24m
coefft. of q2k in f<(1−q2r)−24m \ 33.
Finally, expand the product
(1+q2r)24.
We obtain
: b2m−1, j
b2m−2, j
: [ 4196 1 1
33
+
24
332
+
300
333
+·· · 2 [ 267. L
Theorem 3.12. Suppose that L is a lattice in dimension n=24k. Suppose
further that m(L)=2k+2. Then L must be an even lattice.
Proof. We seek a proof by contradiction. To this end, suppose that L is
an odd lattice in dimension n=24m−24, and suppose that m(L)=2m.
Since L is odd, we know that 0 is not a characteristic vector. Therefore
the shortest characteristic vector has norm at least 2m. This means that the
vectors in the shadow of L all have norm at least m2 . Therefore bj=0 for all
j < m4 .
So by Theorem 3.7, we know that |c2m−1/c2m−2 | [ |b2m−1, j/b2m−2, j | for
some j \ m4 .
If m > 17, this contradicts the results of Corollary 3.10 and Theorem
3.11.
On the other hand, if m [ 17, we can compute the ratios explicitly to
obtain our contradiction. L
4. QUESTION
It is natural to ask whether there is a bound on the minimum of an odd
lattice which is analagous to [MOS1]. In other words, for every b ¥ N, is
there some n0(b) such that m(L) [ 2[ n24]+2−2b whenever n \ n0(b)?
Indeed, the corresponding result for ‘‘Type I’’ self-dual codes is not yet
known.
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